Abstract. Let P be a set of N points in the Euclidean plane, where a positive proportion of points lies off a single straight line. This note points out two facts concerning the number of equivalence classes of triangles that P determines, namely that (i) P determines Ω(N 2 ) different equivalence classes of congruent triangles, and (ii) P determines Ω( . The second one, perhaps not so well known, is due to Solymosi and Tardos ([13]).
Introduction and statement of results
After the original version of this note was released, the author became aware of the 2007 work of Solymosi and Tardos ( [13] ) which, modulo an application of the CauchySchwarz inequality subsumes the claim (ii) of the main Theorem 3 herein. It appears nonetheless reasonable to retain the current revised version available through the arXiv in order to juxtapose how the two closely related geometric problems about triangles in the Euclidean plane get analysed in terms of two different group actions, as well as to bring attention to the results and questions raised in ( [11] ), which apart from the action of the isometries and linear complex transformations on R 2 deals with the action of the Möbius group on the Riemann sphere.
The basic question of extremal geometric combinatorics is to give some universal statistics for the number of distinct types of certain geometric configurations that a sufficiently large point set can determine. See, for example [1] and the references contained therein. Today there is a new paradigm, often credited to the work of Elekes and Sharir ( [3] ), which has recently resulted in a considerable progress in the analysis of such problems. It contributed an essential building block to the recent achievement by Guth and Katz ( [5] ) who settled the long-standing Erdős distance conjecture ( [2] ) by proving that a planar set E of N points determines Ω( N log N ) distinct distances, i.e. distinct congruence classes of line segments. Shortly thereafter results of similar flavour were obtained in [6] , and [9] , proving similar estimates for the number of dot products and Minkowski distances, respectively, and deriving form them new sum-product type estimates. However, the idea in question had had applications prior to [3] as well, in particular in [13] . The idea is to lift the problem into higher dimensions by considering symmetries acting on pairs of objects within each equivalence class and try to do the statistics on the number of symmetries. In the recent applications of this idea which originated in [5] , the original problem in the plane would be adequately represented by an incidence problem between a set of straight lines and points in R 3 . To this end Guth and Katz ( [5] ) proved the following incidence theorem. (The next two theorems are given a formulation adapted for the purposes of this note). Theorem 1. Let L be a set of N 2 lines in R 3 , such that no more than N lines are co-planar or concurrent. Then, for k ≥ 3, the number of points where k or more lines intersect is O(
Not only have Guth and Katz proven Theorem 1 (its special case k = 3 was proven prior to that by Elekes, Kaplan, and Sharir, [4] ), but they have thereby set forth a new method for proving point-line incidence theorems in R d , d ≥ 2, based on the space decomposition provided by the polynomial version of the Ham Sandwich theorem of Stone and Tukey ( [10] ) attributed to Gromov ([7] ). The realisation of this fact is due (among others) to Kaplan, Matoušek, and Sharir ( [8] ), Solymosi and Tao ( [12] ) and Zahl ([15] , [16] ), who have demonstrated that this method potentially enables one to prove the whole family of incidence theorems, not only in
In particular, this concerns the classical Szemerédi-Trotter theorem.
Theorem 2. Let L be a set of N 2 lines in the plane, such that no more than N lines are concurrent. Then, for k ≥ 2, the number of points where k or more lines intersect is O(
. Note that the bound of Theorem 1 is better than that of Theorem 2, hence the non-planarity constraint of the former theorem.
1
For this note's modest purpose, one shall only need the above two theorems, but as for Theorem 2, it will be used over C 2 , rather than R 2 . The proof that the Szemerédi-Trotter theorem holds in the complex plane is originally due to Tóth ([14] ). A more modern, in light of the current discussion, proof has been recently given by Zahl ([16] ). As a matter of fact, for the specific purpose of (ii) one can use a particular, and easier version of the complex Szemerédi-Trotter theorem, see [13] .
The main result pointed out in this note is as follows.
Theorem 3. Let P be a set of N ≫ 1 points in R 2 , with no single straight line containing more than N 2 points. Then (i) P determines Ω(N 2 ) distinct equivalence types of congruent triangles, (ii) P determines Ω(
log N ) distinct equivalence types of similar, i.e. homothetic, triangles.
1 The constraint k ≥ 3 rather than 2 in the former theorem is to avoid another non-degeneracy condition. Naturally, the number of all kinds of geometric obstacles increases dramatically with d, see e.g. the recent work of Zahl ([16] ) in four dimensions.
Remark 4. The example when P is a square subset of the integer lattice shows that the bound in (i) is sharp. The author is prone to believe, although the number of equivalence classes by similarity is generally smaller than by congruence, that the logarithmic term in the bound (ii) is the method's artefact, however has only indirect evidence to it.
The statement (i) of the theorem is a straightforward corollary of the work of Guth and Katz ( [5] ). The statement (ii) follows, after an application of the CauchySchwarz inequality from Theorem 3 of Solymosi and Tardos ( [11] ). Since there is basically a one-to-one set-up for the proof of both parts, it is shown in some detail in the remaining section.
Notation. Above and throughout, |·| denotes cardinality of a finite set. The standard notation X ≪ Y, or equivalently X = O(Y ), means that there exists a universal constant C > 0, such that X ≤ CY . Conversely, X ≫ Y, or equivalently X = Ω(Y ), means that there exists a universal constant c > 0, such that X ≥ cY . We write X ≈ Y if X ≪ Y and Y ≪ X. The number N ≫ 1 is viewed as an asymptotic parameter.
Proof of Theorem 3
Proof. Let T (P ) be the set of all triangles determined by triples of distinct points of P . The non-collinearity condition on P ensures that |T (P )| ≫ N 3 . We often write just T for the set T (P ).
Let Q c (T ) denote the number of pairs of congruent triangles in T and Q s (T ) the number of pairs of similar triangles. Clearly Q s (T ) ≥ Q c (T ), since congruent triangles are similar.
Proof of (i). Given two triangles τ 1 , τ 2 ∈ T , they are congruent if and only if there exists a rigid motion φ of R 2 , such that φ(τ 1 ) = τ 2 . The rigid motion φ is either homotopic to the identity or not. Let G c be the group of rigid motions, homotopic to the identity (every such transformation is a composition of a translation and a rotation, but not a mirror symmetry). Let Φ ⊂ G c be the set of rigid motions, such that for every φ ∈ Φ, φ(τ 1 ) = τ 2 for some τ 1 , τ 2 ∈ T (P ). Let n(φ) denote the number of pairs of congruent triangles, arising from one other via the transformation φ.
It can be assumed without loss of generality that for at least half of the pairs of congruent triangles of T (P ), the two triangles are obtained from one another via a rigid motion φ, which is homotopic to the identity. I.e., without loss of generality
Otherwise, the set Φ would be re-defined as follows. let P ′ be the mirror image of P against some line, chosen for certainty's sake such that P and P and P ′ are disjoint. Φ would now be the set of rigid motions φ, homotopic to the identity, such that for every φ ∈ Φ, φ(τ 1 ) = τ 2 for some τ 1 ∈ T (P ), τ 2 ∈ T (P ′ ). It is easy to see that for the rest of the proof this makes no principal difference. Now, for every pair of points p, q ∈ P , let L pq denote the set of rigid motions in G c , taking p to q. It was shown in ( [5] ) that the set L pq can be parameterised as a straight line in R 3 (to which one may append the point at infinity corresponding to the translation of p to q). As a mater of fact, each L pq is a right coset in G c of SO (2) by the translation. Indeed, any transformation in the set L pq arises as a composition of the translation of p to q and then rotating around q by an arbitrary angle. It was also shown in [5] that the set of N 2 lines {L pq } p,q∈P satisfies the conditions of Theorem 1.
A triple intersection of the lines L pq , L p ′ q ′ , L p ′′ q ′′ would yield φ ∈ T and the pair of congruent triangles pp ′ p ′′ and′ q ′′ (which may be degenerate, since there are no restrictions on what the three vertices are). Hence, for k ≥ 3, let S k be the set of points in R 3 , where the number between k and 2k distinct lines L pq intersect. By Theorem 1,
Thus, the number of intersecting triples of distinct lines from {L pq } p,q∈P , and hence the number of pairs of congruent triangles is bounded, via a dyadic summation with k running over the powers 2 j of 2, between 3 and N , as follows:
On the other hand, the total number of non-degenerate triangles |T (P )| ≫ N 3 , and therefore, by the Cauchy-Schwarz inequality, the number of distinct congruence classes is
This proves the claim (i) of Theorem 3.
Proof of (ii). Let us now view the points of P as complex numbers. Let now G s denote the group of linear conformal transformations of C, with elements ψ:
Let Ψ ⊂ G s be the set of linear conformal mappings, such that for every ψ ∈ Ψ, ψ(τ 1 ) = τ 2 for some τ 1 , τ 2 ∈ T (P ). That is ψ maps the vertices p, p ′ , p ′′ of τ 1 to the vertices q, q ′ , q ′′ of τ 2 , respectively. Let n(ψ) denote the number of similar triangles, arising from one other via the transformation ψ.
Just like (1), it can be assumed without loss of generality that
(Otherwise one can once again consider mapping P to P ′ , where P ′ is the complex conjugate of P or just use the complex conjugate of z in the definition (2).) Given p, q ∈ P , let us use the same notation L pq for the set of linear conformal mappings taking p to q. The set L pq will now be a line in C 2 , as follows:
would correspond to now a similarity transformation ψ, yielding a pair of similar (homothetic) triangles pp ′ p ′′ and′ q ′′ . So, now there is a set of N 2 lines in C 2 , and no more than N lines are concurrent, for otherwise there will be a linear conformal transformation ψ that takes some p simultaneously to q and q ′ = q.
Repeating verbatim what was done in the proof of (i), for k ≥ 3, let S k be the set of points in C 2 , where the number between k and 2k distinct lines L pq intersect. By Theorem 1,
Thus, the number of intersecting triples of distinct lines from {L pq } p,q∈P , and hence the number of pairs of similar triangles in T (P ) is bounded, via a dyadic summation, as follows:
Q s (T ) ≪ k=3,4,...,2 j ,...,N
Then, by the Cauchy-Schwarz inequality, the number of distinct classes of similar triangles is
This completes the proof of Theorem 3.
